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downstream of the jet (15-deg microphone). The actual relation-
ship between the increased entrainment of the symmetry cases and
the better acoustic characteristics deserves further study.

The counter-rotating pairs showed a much higher increase,
showing little or no noise reduction in the low-frequency noise and
as much as a 10-dB increase of the high-frequency noise down-
stream of the jet. Surks et al.> compares all of the cases in detail
and showed that the azimuthal (or rotated) angle had little effect in
the general acoustic trends and the generator angle of attack in-
creased the high-frequency noise produced.

Overall Sound Pressure Level

The OASPL was obtained by integrating a sound spectrum over
all frequencies, yielding a single measure indicative of the total
amount of sound at a given spatial location. Figure 4 shows the
total sound pressure level for the six different configurations for
20-deg angle of attack. One can see that the noise directly down-
stream of the nozzle exit is reduced by at least 2 dB by the vortex
generators in all cases. Likewise, the off-axis noise is increased in
all cases—sometimes by as much as 6 dB. Again, one can see that
the better mixed symmetry cases perform better than the vortex
pair cases. The effect of increasing the angle of attack corresponds
to an increase in off-axis OASPL. The noise downstream of the
nozzle remains relatively unaffected by the generator angle of at-
tack. Similar results were found with the case of the rectangular
nozzle,! although the increase in off-axis noise was not nearly as
large.

IV. Conclusion

In conclusion, the results of this work indicate that the acoustic
and entrainment effects of introduced streamwise vortex structures
are a strong function of vortex sign. Corotating vortices tended
to entrain more fluid (up to 50%) without adding as much noise
as their counterrotating counterparts. All introduced vorticity
showed improved entrainment. Further, the corotating vortices re-
duced the low-frequency sound by as much as 3 dB, and increased
the high-frequency noise by as much as 8 dB. Since most of the
low-frequency noise is propagated downstream of the jet, these
generator configurations decreased the OASPL downstream of the
jet. Since most of the noise off to the side of the jet is high-fre-
quency noise, the generators tended to increase the OASPL in this
direction.

These results are qualitatively similar to the results found previ-
ously in a rectangular jet, however, the rectangular jet had a
smaller increase in the high-frequency noise. This is most likely a
result of the fact that the shear layer of the rectangular jet was sub-
stantially larger relative to the introduced vorticity (larger nozzle
perimeter with same nozzle pressure ratio), implying that the tur-
bulence generated by the vortex generators (same size) was a
smaller portion of the total turbulence.
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1. Introduction

EXCELLENT agreement was found by Huang et al.,! over a
range of experiments, between zero pressure gradient (ZPG)
compressible turbulent boundary-layer data and a refinement
of the “Van Driest-I” density-weighted transformation.” The
scheme’s success supports Fernholz and Finley’s® recommenda-
tion that the law of the wall for incompressible flows can be ap-
plied to the transformed velocity in a compressible flow. Zhang et
al.,*> however, have recently used experimental results from an
earlier report by Fernholz and Finley,5 and mode! calculations, to
argue that the incompressible value of the von Kdrmdn constant k¥
= 0.41 is observed only in the untransformed profiles—despite
Fernholz and Finley’s opposite conclusion. Zhang et al. have
therefore raised some doubts regarding the transformation.

This Note examines the transformation validity question using
results from direct numerical simulations (DNS) of supersonic,
isothermal (cold) wall channel flow (Coleman et al.”). The DNS
solutions include two cases: A) with Reynolds number Re = 3000,
Mach number M = 1.5, and channel centerline-to-wall temperature
ratio of T,/T, = 1.38, and B) with Re = 4880, M = 3, and T,/T,,
=2.47. Here M is based on bulk velocity and wall sound speed; Re
on bulk density, bulk velocity, channel half-width, and wall vis-
cosity.” Dimensional analysis of the inner layer shows that the law
of the wall can be described in terms of two nondimensional wall
parameters,*® M, = u/c,=u/[(y-1)¢,T, and B, = g,/
(pweptily,) (where ¢, is the constant-pressure specific heat, y the
specific heat ratio, c,, the sound speed based on the wall tempera-
ture, ¢,, the heat flux to the flow from the wall, and u, = /T,/p,,
with 1,, and p,, the stress and density at the wall). Cases A and B
are defined by (M., By) = (0.08, —0.05) and (0.12, -0.14). The two
cases are therefore very different, with the former values of M, and
B, being equivalent to a boundary layer at M = 2.8 on a moderately
cooled wall with T,,/T,,, = 0.4 (T, is the adiabatic wall tempera-
ture), and the latter equivalent to a layer at M = 4.5 over a strongly
cooled wall given by T,,/T,,, = 0.15, both at momentum thickness
Re (based on freestream conditions) Reg ~ 4 x 10*. (The M,, B, de-
pendence on freestream bulk parameters in ZPG compressible
flows is discussed in Ref. 10.) The DNS results thus represent a
wide parameter range and are ideally suited for our purpose of in-
vestigating the generality of the Van Driest transformation.

II. Van Driest Law of the Wall

The Van Driest law of the wall can be derived from inner-layer
similarity arguments®® leading to “mixing-length” formulas for
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the mean velocity U and temperature T. In terms of the nondimen-
sional parameters Ut = Ufu,, T* = T/T,,, and y* = p,,u.y /W, the rel-
evant equations are
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where p is the local mean density, k the von Kdrmén constant, and
Pr, the turbulent Prandtl number. Combining and integrating Egs.
(1) with respect to U™,

Y =C,-PrBU -PrMU(y-1)/2 )

The constant C,, in Eq. (2) is not necessarily equal to unity, since
Eqgs. (1) are not valid in the viscous sublayer and the buffer layer.
The standard form of the incompressible logarithmic law can be
retained if the “Van Driest transformed velocity” is defined by:

Ut 172
U;D:IO (ﬂw) Ut = i b y' +C 3)
If one further assumes that the density ratio in Eq. (3) can be re-
placed by T in Eq. (2) with C,, = 1, an analytic solution (the well-
known Van Driest-I transformation; note that the “Van Driest-I1"
transformation concerns the skin friction!!) of Eq. (3) can be
obtained®?:

U;D = % {arcsin [Ml)ii)} - arcsin(%l)} @)

where R =M, [(y-1)Pr/2,H = B,/ [(Y- )M} and D

1+ R*H. Based on available expenmental data,’? the values
of x and C in Eq. (3) are found to be similar to their incompressible
counterparts, K = 0.40-0.41 and C = 5.0-5.2, even though in prin-
ciple they are functions of M, and B,
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Fig. 1 Comparison of DNS velocity profiles with the log law: a)
untransformed and b) transformed velocity.

ITI. Viscous Sublayer Analysis
In the viscous sublayer (for instance, y* < 5) where molecular
diffusion dominates, the governing equations are

(5)

+

dar
S = -[Bq+(y-1)UjM§]Pr”—

dy

where L is the local mean viscosity, Pr is the molecular Prandtl
number, and the subscript s 1nd1cates ‘sublayer.” Combining and
integrating Eqgs. (5) with respect to U

T, = 1-PrB,U, - PrM.U: (Y- 1)/2 ©)

Applying Eq. (3) to the velocity in the viscous sublayer of Egs. (5)
gives
+
alyp, 1

dy +0.5 1

+0.5 T: 0.7 (7)
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where T and T are temperature proﬁles defined by Egs. (2) and
6), respectlvely Since it contains both 7" and T Eq. (7) shows
that the Van Driest transformation cannot be used to collapse the
sublayer and log-layer velocity profiles simultaneously.

IV. Composite Layer

To describe the profile across the entire layer, we derive a mix-
ing-length model combining the viscous sublayer and the log-law
layer. First, the total shear stress at any point is written as the sum
of the molecular and Reynolds stresses, T = T,, = udU/dy —puv.
Second, the Reynolds stress is related to the mean velocity via the
mixing-length theory, — uv =12 (dU/dy)>. After nondimensional-
izing, one obtains a quadratic equation for dU*/dy*,

vt _ 2p, /1
&' fieaqu) psp )0 1]

&)

This satisfies two asymptotic conditions: when y* — 0, [* =0 (in
the viscous sublayer), and Egs. (5) result; when y* is sufficiently
large, I* = xy* (in the log layer), and Eq. (1) results. To bridge the
two regions a “Van Driest damping” is used,'? with I+ = y*{1 —
exp [- y"(v,,/V)/A*]1}. The value of the damping constant A+ is cho-
sen to match the incompressible law of the wall; A* = 25.51. Simi-
larly, by combining molecular and turbulent heat fluxes, the di-
mensionless temperature equation can be written in terms of y, =
(plp )2 dU/dy* as

d7” B, + (v - 1)U M) Pr.pr
o e S T Pr e (/)P ]

&)

Equations (8) and (9) can be integrated numerically to yield a
“complete” law of the wall profile. Assuming appropriate values
of x (k=041), y(y=1.4), and Pr, (Pr, = 0.9, Ref. 1), the density
and viscosity ratios can be related to the temperature ratio T* ob-
tained from Eq. (9). Thus, the complete profile depends only on M
and B,.

V. Comparison with DNS
Figure 1a shows the untransformed velocity profiles, U* for the
DNS results of cases A and B. The profiles do not follow the uni-
versal log-law profile, for which we assume k¥ = 0.41 and C = 5.2
In contrast, the transformed velocity profiles, from Eq. (4), are
shown in Fig. 1b. The slopes of the transformed profiles are close
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to 1/x = 1/0.41, the low-speed log-law value, which is also ob-
served in the incompressible channel DNS results'? in Fig. 1a. The
two incompressible cases show that a decrease in Reynolds num-
ber does not significantly change x but is associated with a slight
increase of the constant C.

Also shown in Fig. 1b are the viscous sublayer profiles obtained
by integrating Eqs. (5) and then applying the transformation of Eq.
(4) [or by integrating Eq. (7) directly]. We see that for y* < 5 the
sublayer profiles are well represented by the current sublayer anal-
ysis. Note that transformed profile differences are larger than un-
transformed ones in the sublayer region since the transformed ve-
locity is sensitive to the temperature profiles, as in Eq. (7). This
difference may be the source of the slight variation of the log-law
constant C observed in results of cases A and B. Although it seems
plausible that « is unaltered by moderate compressibility, there is
no reason to believe that C will remain equal to the incompressible
value as M increases, since C depends on the velocity variation in
the sub- and buffer layers.

Velocity and temperature predictions based on the preceding
composite mixing-length model are presented in Fig. 2. Compari-
son with DNS data can be made using either untransformed or
transformed velocity profiles. To be consistent with Fig. 1 results,
we use the latter; i.e., both the DNS and the model solutions are
transformed according to Eq. (4). The velocity and temperature are
well represented by the current mixing-length model. (Recall that
the current Couette flow analysis is compared with channel flow
DNS results; this explains the departure of the predicted tempera-
ture from DNS data in the center of the channel, where shear-stress
heat generation disappears.) Despite good agreement with the
DNS data, since the effects of low Reynolds number on the DNS
results cannot be quantified, the present model must be viewed as
an engineering guide rather than a rigorous analysis.

To estimate the variation of k and C found in typical flow condi-
tions, the mixing-length model has been applied to a range of rep-
resentative M and B,: 0.02 < M < 0.12 for adiabatic wall condi-
tions (B, = 0) and -0.02 < B, < —0.12 for M; = 0.12. The results—
which we feel constitute the key element of the present work—are
presented in Fig. 3. The untransformed profiles demonstrate a
strong dependence on M and B, with x increasing as M increases
and « decreasing as B, increases. In contrast, the transformed ve-
locities collapse (in the outer region) near the law-of-the-wall pro-
file, with a nearly constant value of k and only a slight variation of
C. This collapse, when coupled with the similar success for the
DNS results presented earlier, supports the usefulness and validity
of the Van Driest transformation.

Zhang et al.* have recently analyzed M, = 0.11 adiabatic-wall
boundary-layer data (Fernholz and Finley,® case 53011302) and
found that the slope of the untransformed log-law plot is close to
the incompressible value of x, whereas the transformed slope is
significantly less. The effective Reynolds number’ R e; =
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Fig. 2 Comparison of the law of the wall predicted by the mixing-
length model, Eqgs. (8) and (9), with DNS data: transformed a) velocity
and b) temperature.
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Fig. 3 Variation of velocity profiles for a range of flow conditions: a)
untransformed and b) transformed velocity.

p,U,8/1,, (subscript e represents freestream conditions), for this
flow is only about 1.3 x 10°, however. It is possible that the
smaller transformed slope found in both their model prediction and
the data could be due to low-Reynolds-number effects that tend to
counteract the increase of K with M, observed in Fig. 3b. The ef-
fective x in boundary layers is subject to an Re dependence—de-
creasing as Re decreases,!* as the wake region intrudes into the
log-layer—that (as the M = 0 data in Fig. 1a demonstrates) is not
present in channel flow. Therefore, and since conventional turbu-
lence models (for example, those that use rate of turbulent kinetic
energy dissipation as a length-scale variable) have been known to
underpredict x for adiabatic wall conditions,'® the model-data
agreement might be restricted to low Re.
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Assessment of Second-Order Closure
Models in Turbulent Shear Flows
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Introduction

HE need for advanced turbulence models to reliably compute

the complex aerodynamic flows of technological interest has
led to a resurgence of interest in second-order closure models.
Consequently, the recent papers by Shih et al.! and Shih and Lum-
ley,? which reported tests of second-order closure models in tur-
bulent shear flows, attracted our attention. In these papers, results
were presented which appear to indicate that the Shih-Lumley
model® performs better than two other recently proposed second-
order closures in homogeneous shear flow as well as in more
complex boundary-free turbulent shear flows. However, our own
comparative studies of second-order closure models in benchmark
turbulent shear flows have yielded a different picture. The pur-
pose of this Note is to concisely present these alternative results
for comparison.

The predictions of three second-order closure models recently
proposed by Shih and Lumley,? Fu et al.,* and Speziale et al.’
will be compared in two benchmark turbulent flows: homogeneous
shear flow and the log-layer of an equilibrium turbulent boundary
layer. These flows are selected since the former constitutes a basic
building-block free turbulent shear flow, whereas the latter serves
as a cornerstone for the calculation of practical wall-bounded tur-
bulent flows of engineering interest. Particular attention will be
paid to evaluating the ability of each model to accurately predict
the equilibrium values for the Reynolds stress anisotropies. Objec-
tive means for evaluating the performance of the models are pro-
vided, and pitfalls in the formulation and evaluation of models are
uncovered that have led to previously published assessments that
are misleading.

Turbulent Shear Flows to be Considered
We will consider incompressible turbulent shear flows with the
mean velocity gradient tensor

v,

% = §8;,6;, (1)
J

where §; ;s the Kronecker delta and § the shea.f rate. In homoge-

neous shear flow, the shear rate S is constant and is applied in an

unbounded flow domain yielding spatially homogeneous turbu-

lence statistics. For this, as well as any homogeneous turbulence,
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the Reynolds stress tensor 7; = ITMJ is a solution of the transport
equation®

97, I,
Ty =~ Tayy " T a_xk+q)"f_£"f 2)
where
ou, du; du, du,
D, = p| L4, g, =2v — _J 3
g p(axj+ Bxi) v x, ox, ®

are the pressure-strain correlation and dissipation rate tensor,
respectively (here, p is the fluctuating pressure, u; the fluctuating
velocity, v the kinematic viscosity, and an overbar represents an
ensemble mean). One can write

@, —¢, = ;- (2/3)€d, 4)

iy )

where 11, =®; — ¢, and ;& is the deviatoric part of the dissi-
pation rate tensor [€ = (1/2) g;; ]. Closure is achieved once models
for IL; and € are provided. In most existing second-order closure
models, Il; 7 and € are modeled in the general form

, I,
Hij = sAl.j(b) +KMl.jk1 (b) B_x, )
N € a\_)i 82
£=_C51E1ij5_cezg Q)
j
where
K= (12)z,, bij = [1:1.1.— (2/3)K8ij] 2K @)

are the turbulent kinetic energy and Reynolds stress anisotropy
tensor, respectively. Here, A;; and M, are dimensionless tensor
functiogls of b;; and possibly the turbulence Reynolds number
R,=K"/ve; C,, and C,, are either constants or functions of the
second and third invariants (1, Ill) of b;; as well as R,. The full
form of the three models to be considered—the Shih-Lumley
(SL) model, the Fu, Launder, and Tselepidakis (FLT) model, and
the Speziale, Sarkar, and Gatski (SSG) model—are provided in
Refs. 2-5.

For homogeneous shear flow, each of the models—consistent
with physical and numerical experiments—predicts that the aniso-
tropy tensor b;; and shear parameter SK/e achieve equilibrium val-
ues that are independent of the initial conditions.”> This equilib-
rium state is associated with solutions where Bij =0, or
equivalently,

t; = (9-8)T,/K )

where 9 = ~1,,09,/dx; is the turbulence production. The substi-
tution of Egs. (1) and (8/) into Eq. (2) yields the system of algebraic
equations

T; T 9’/8—1) Tin - Ti2 2712(9’)‘1
g 12 —_ 28 _2£§ * 2 1217
X K( e g o~ g dntly+3 ¢

where H;‘; =11,;/SK is, for the turbulent shear flows to be consid-
ered, a function of 1;;/K and 9/e whose specific form depends
mainly on the pressure-strain model chosen. In deriving Eq. (9),.

the identity
g _ EQ(SK)
e K\zg 10)

has been used. Once the equilibrium value of 9/e is specified [and
Eq. (7) is utilized], it is straightforward to obtain the equilibrium
values of b;; from a numerical solution of Eq. (9). These equilib-
rium values are determined almost exclusively by the pressure-
strain model.



